Abstract: Mixture models are in high demand for machine-learning analysis due to their computational tractability, and because they serve as a good approximation for continuous densities. Predominantly, entropy applications have been developed in the context of a mixture of normal densities. In this paper, we consider a novel class of skew-normal mixture models, whose components capture skewness due to their flexibility. We find upper and lower bounds for Shannon and Rényi entropies for this model. Using such a pair of bounds, a confidence interval for the approximate entropy value can be calculated. In addition, an asymptotic expression for Rényi entropy by Stirling's approximation is given, and upper and lower bounds are reported using multinomial coefficients and some properties and inequalities of L p metric spaces. Simulation studies are then applied to a swordfish (Xiphias gladius Linnaeus) length dataset.
Introduction
Mixture models are in high demand for machine-learning analysis, due to their computational tractability and for offering a good approximation for continuous densities [1] . In addition, mixture models are an important statistical tool for many applications in clustering [2, 3] , discriminant analysis [4] , image processing and satellite imaging [5, 6] . Celeux and Soromenho [2] consider a Maximum Likelihood (ML)-based entropy criterion to estimate the number of clusters arising from a mixture model, and compare it with the classical Akaike (AIC) and Bayesian (BIC) information criteria. Carreira-Perpiñán [6] deal with the problem of finding all modes of multi-dimensional data, assuming a mixture of normal densities. Specifically, he uses the gradient as a mode locator and for controlling the significance modes thus obtained, by measuring the sparseness of the densities mixture via the entropy. However, so far, no analytical expressions, which consider bounds of Shannon entropy for the normal mixture entropy, exist. Similarly, in the case of Kullback-Leibler divergence, an analytic evaluation of the differential entropy is also impossible. Thus, approximate calculations become inevitable [7] [8] [9] . Jenssen et al. [3] use the Rényi entropy [10] as a similarity measure between clusters. They consider the Parzen window density estimation for differential Rényi entropy clustering to identify the worst cluster and subsequently reduce the overall number of clusters by one.
Predominantly, the entropy applications mentioned above have been developed in the normal context, but several results of both Shannon and Rényi entropies for various multivariate distributions (see, e.g., [11, 12] ) actually exist. Here, we consider the novel class of finite mixture of multivariate skew-normal mixture (FMSN) models [13] . This class provides some advantages over the normal mixtures. For instance, the normal components allow an arbitrarily close modeling of any distribution
Preliminary Material

Skew-Normal Distribution
The multivariate skew-normal distribution has been introduced in [18] . This class of flexible distributions regulates the skewness, allowing for a continuous variation from normality to skew-normality. Below, we use a slight variant of the original definition. Consider a random vector Z ∈ R d with skew-normal distribution, location vector ξ ∈ R d , dispersion matrix Ω ∈ R d×d and shape/skewness parameter η ∈ R d , denoted by Z ∼ SN d (θ), θ = (ξ, Ω, η), if its probability density function (pdf) is f (z; θ) = 2φ d (z; ξ, Ω)Φ 1 (η (z − ξ); 0, 1),
where φ d (z; ξ, Ω) is the pdf of the d-variate N d (ξ, Ω) distribution, and Φ 1 (η (z − ξ); 0, 1) the univariate N 1 (0, 1) cumulative distribution function. where |Ω| (|Ω| > 0) represents the determinant of Ω.
The stochastic representation of Z is given by
where U 0 ∼ N(0, 1) and U ∼ N d (0, Ω − δδ ), δ = Ωη/ 1 + η Ωη, |δ| < 1, which are independent. |U 0 | represents the absolute value of U 0 , i.e., it is half-normal distributed. From Equation (2), Azzalini and Capitanio [19] derived the mean vector and covariance matrix of Z:
Finite Mixtures of Skew-Normal Distributions
Let us consider the definition of [14] for finite mixtures of skew-normal distributions. The pdf of an m-component mixture model with parameter vector setθ = (ξ,Ω,η):ξ = (ξ 1 , . . . , ξ m ) a set of m location vector parameters,Ω = (Ω 1 , . . . , Ω m ) a set of m dispersion matrices,η = (η 1 , . . . , η m ) a set of shape vector parameters; and with m mixing weights, π = (π 1 , . . . , π m ) is
where π i ≥ 0, ∑ m i=1 π i = 1, and f (y; θ i ) are defined as in Equation (1) for a known
Additional details about the log-likelihood function of an FMSN model are described in [13] . Let S = (S 1 , . . . , S n ) be a set of n latent allocations for the distribution of observations y, p(y;θ, π) = ∏ n j=1 p(y;θ, S j ), where Pr(S j = i|π) = π i . Then, an equivalent stochastic representation to each j-th component density as in (2) is obtained:
where U 0j and U j are mutually independent and standardized one-and d-dimensional normal distributed, respectively; and
Considering the stochastic representation (6) , and the first and second moments of the i-th component of Y, Equations (3) and (4), respectively; we obtain the first two moments of Y:
. . , m (see, e.g., [6] ).
Entropies
Let X be a random vector defined in R d and for all values of parameter θ ∈ Θ, where Θ is an open subset of the real line and f (x; θ) is the pdf of x. Let us consider the αth-order Rényi entropy [10] on variable x:
and the Shannon entropy is obtained by the limit
by applying l'Hôpital's rule to R α [X; θ] with respect to α. Hereafter, we will refer to Equation (10) as the expected information of f (x; θ) (for additional properties of the Shannon entropy, see [20] ) and, E[g(X)] denotes the expected information in X of the random function g(x) = ln f (x; θ). An important property of Rényi entropy is R α 1 [X; θ] ≤ R α 2 [X; θ], given that α 1 > α 2 (see, e.g., [11] ). In addition, the Rényi entropy represents a generalization of the Shannon entropy and could be used to derive a continuous family of information measures. According to [21] , the negentropy of a living system is the entropy it exports to keep its own entropy low, and thus it lies at the intersection of entropy and life. In our case, the negentropy component of the Rényi and Shannon entropies measures the dispersion of the distribution of Z from normal distribution [11] . The following Proposition of [11] presents these differences in terms of the deviation matrix and shape/skewness parameter.
ones, and ω = 1 + η 4 .
From Proposition 1, we observe that the Shannon negentropies do not depend on the dispersion matrix Ω, but only on the shape parameter vector η. However, Rényi entropy depends on Ω and η parameters. Contreras-Reyes [11] show in Proposition 1 (ii) that the skew-normal Rényi entropy is the normal Rényi entropy [12] , as η → 0.
Results
In this section, we present practical results of upper and lower bounds of Shannon and Rényi entropies for FMSN distributions in Sections 3.1 and 3.2, respectively, which ought to be considered in numerical simulations and real-world application (Section 4). Section 3.3 presents theoretical results of upper and lower bounds of these concepts.
Shannon Entropy Bounds
As in the normal case, the Shannon entropy of mixture of skew-normal distributions does not have a closed form. However, the following proposition presents some lower and upper bounds as an approximation of the entropy of finite mixture of skew-normal densities.
Proposition 2.
Consider the FMSN density of (Y;θ, π) defined in Equation (5) . Then, the following inequalities are accomplished:
For the case m = 1, Contreras-Reyes and Arellano-Valle [22] consider the upper bound of the property (i) of Proposition 2 to approximate the Shannon entropy of an SN distribution using the property (ii) of Proposition 2. In this Proposition 2(ii), the left side includes an integral related to a product of two skew-normal densities. When i = s, these integrals correspond to an L 2 -norm and are represented by the quadratic Rényi entropy [11] . For the case i = s, the integral does not have explicit form and requires numerical methods to be computed. Moreover, the right side corresponds to the sum of the entropy of a multinomial density with parameters π 1 , . . . , π m and a second term based on the weights and shape parameters of the skew-normal density. Other refinements can be found in [9] . These are suitable for cases of several components (for example, m 5), i.e., a skew-normal density consisting of several and well separated clusters.
A lower bound can be found for H[Y;θ] using the L 2 -norm of an FMSN density and Jensen's inequality [20] :
Considering Equation (9), Equation (11) and Proposition 2(i)-(ii), we obtain the additional inequality
The next section provides upper and lower bounds for Rényi entropy of FMSN random vectors.
Rényi Entropy Bounds
For the sake of simplicity, we define the following function in terms of Rényi entropy and α as
for the calculus of the bounds of R d p(y;θ, π) α dy. By applying the function ln(·)/(1 − α) to these integrals, we have the Rényi entropy of FMSN density.
As in the Shannon entropy case, the Rényi entropy can be upper bounded in terms of the dispersion matrix of the finite mixture random variable. Sánchez-Moreno et al. [23] derived a multidimensional upper bound using a variational approach,
with Σ = Var[Y] defined in Equation (8),
The right side of the inequality (13) is equivalent to the maximum Shannon entropy of Proposition 2. The first term depends on the dispersion matrix and the shape parameters, and the second only depends on the αth order and dimension d.
The next Lemma presents a useful result to compute the lower bound for Rényi entropy of an FMSN random vector Y in terms of each component.
Lemma 1.
Consider the FMSN density of (Y; θ, π) defined in Equation (5). Then,
with 0 < α < ∞, α = 1, and m > 1.
Some Theoretical Results
In this section, we develop some bounds and asymptotic approximation of Rényi entropy for FMSN densities. Considering the multinomial (MN) theorem (see, e.g., [24] ) for m sums, the equality
is accomplished under the condition
with 0 < α < ∞, α = 1, and A = {k i ∈ N :
Then, by applying Stirling's approximation given by [25] in Equation (14), the equality 1
is derived with
Lemma 2. Considering the condition (15), the approximation
The next Lemma presents two upper bounds for Rényi entropy of an FMSN random vector Y in terms of each m-component using the multinomial theorem, given that the components and weights of the mixture models are non-negative.
Lemma 3.
Consider the FMSN density of (Y;θ, π) defined in Equation (5). Then, the inequalities
(ii)
are accomplished under the condition (15) .
Given the condition 0 < α < ∞, α = 1, the multinomial coefficients k i can not equal zero, i.e., ∑ m i=1 k i = α > 0. Then, the Rényi entropies R k i [Y; θ i ] exist and can be obtained using the property (ii) of Proposition 1 for α ∈ N, α > 1. This means that the inequalities of Lemma 3 consider m individual Rényi entropies with integer order, whereas inequality (13) considers orders with real values. In addition, Lemma 3 allow to determine an upper bound for FMSN Rényi entropy in terms of
After the inequalities of Lemma 1 and 3 are derived, it is natural to look for an underlying identity. We consider Proposition 3 of [24] based on Abel's identity and multinomial theorem. Let B be a set of multinomial coefficients defined as
By integrating the last equality in both sides and applying the condition ∑
with the multinomial coefficients of B satisfying
The equality (17) is difficult to compute, given that it does not have a more explicit expression for the integral of products of the mixture densities. However, an alternative inequality can be found using the Generalized Hölder (GH) inequality and the proof of Lemma 1, with
This ensures the assumptions of p s given the condition (18) . In contrast to condition (15) , condition (18) corresponds to the sum of i − 1 multinomial coefficients k s , i.e., the sum is always less than m α of (15) for any index i = 1, . . . , m.
Numerical Results
Simulations
To study the behavior of the Shannon entropy bounds of Proposition 2 and the Rényi entropy bounds of Equation (13) and Lemma 1, some examples are simulated for the cases d = 1, 2 and 3: 20, 35) ,Ω = (9, 16, 9), and η = (5, 3, 6); [26] . Examples 5 and 6 are represented in 3D plots, according to [27] . For all simulations, a sample of n = 500 generations is considered, and then fixed using the function smsn.mix from mixsmsn package, developed by [26] and implemented in an R environment [28] . Prates et al. [26] implemented routines for ML estimation via the Expectation Maximization (EM)-type algorithm in FMSN models (among several others).
For each example, Table 1 summarizes the four Shannon, as well as the Rényi entropy bounds for α = 2, . . . , 5 and m = 2, . . . , 6. Shannon and Rényi entropies are compared with AIC and BIC criteria (see e.g. [29] ), misclassification (MC) rates and consistency scores: normal skill score (NSS), Heidke skill score (HSS), and Hanssen-Kuipers (HK) (see e.g., [30] ). All these indicators show an optimal performance of model fit if they are near 1; except MC, which ideally should be close to 0 (i.e., 100(1 − MC) ≈ 100%). For all examples, it is worth pointing out that these criteria are optimal for minimum AIC and BIC values (marked in gray). For examples 1-3, the misclassification rates are close to 0, and, for examples, 4-6 less than 0.46. This is because of the complexity of systems with high dimensions and parsimonious models fit (excess of parameters).
The information measures illustrated a similar effect. It can be seen that inequalities given in (12) are accomplished in the Shannon entropy case and the information increase for more parsimonious systems, where these 3D systems are characterized by a bigger set of components and dispersion matrices with large elements. With respect to Rényi entropies, the lower and upper bounds rather slowly increase with more components in examples 1-3, but rise faster with more components in examples 4-6. However, in examples 4-6, the lower and upper bounds are maximum for large α. Therefore, the Rényi information criterion is suitable for model fits with accurate classification of observations, i.e., incorrect performance of Rényi entropy is related to inadequate selection of components in complex systems. Additionally, the Rényi entropy of FMSN is localized between the upper and lower bounds, and an approximation should be given by the mean of these bounds. 
Application
Estimation of age from growth of swordfish (Xiphias gladius Linnaeus) is an important factor in assessing stock trends [31] . The swordfish belongs to highly migratory pelagic species and has been observed in tropical to temperate waters (between 5 and 27 • C), and in the western and eastern Pacific and Atlantic [32] . A more detailed description of this species can be found in [32] .
Age and growth estimation of swordfish presents several difficulties [31] . For example, Cerna [32] describes age estimates obtained by cross sections of the second anal fin ray [33] , which appears an expensive procedure for age estimation. Queele et al. [31] recall the inconclusive results obtained from the indirect validation test.
Roa-Ureta [34] maintain that since age is a latent variable, extracting growth information objectively is difficult. He estimates growth parameters using a likelihood function approach underlying a normal mixture model to be applied on the squat lobster length dataset, where age is unknown. The normal mixture model components are determined by AIC, which depends on the sample size and the number of parameters of the mixture.
This application is motivated by the determination of age-length relationship by sex group using information measures. This is presented in a framework format based on the following steps:
(a) The matrix of data includes both length and weight (d = 2) for each observation. Because it is necessary to avoid colinearity, the length-weight regression is computed to show non-linear relationship among both columns. (b) Given that the number of components is unknown (age is unknown), the FMSN parameters are estimated considering the two-dimensional matrix of the last step for several values m. 
Data and Software
The dataset used for evaluating the performance of our findings corresponds to a sample of, respectively, 486 and 507 swordfish male and female length observations. The samples were collected in the southeastern Pacific off Chile during 2011 and were obtained using the routine sampling program of the fishery conducted by the Instituto de Fomento Pesquero. All these fish were measured to the nearest centimeter and the range of observed lengths. The catch included fish between 120-257 cm for males, and 110-299 cm for females. As is described in Section 4.1, the FMSN parameter estimates were computed using the mixsmsn package.
Length-Weight Relationship
Following [35] (and references therein), we briefly describe the length-weight function. This function explains the increments in weight of species in terms of their length by the non-linear relationship
where W(x) represents the observed weight at length x, α is the theoretical weight at length zero and β is the weight growth rate. The model (19) is fitted to an empirical dataset, (y i , x i ) ∈ R + × R + , i = 1, ..., n. This can be described in terms of multiplicative structure the errors, y i = W(x i )ε i , where ε i are non-negative random errors and their transformations are given by ε i = log ε i . Here, we consider the residuals ε i iid and normal distributed, denoted by N(0, σ 2 ), for a dispersion σ 2 parameter. Figure 2 illustrates the linear regression fits of (19) , for which we have a high value for the R 2 coefficient of determination for both sexes (Table 2 ). There exists a small number of observations of length classes larger than 210 and 250 cm for males and females, respectively, that tends to be isolated with respect to lighter weights. Given the good fitting of length-weight model, we can see that a non-linear relationship could be assumed between length and weight. Therefore, we consider a matrix with two columns constructed by these variables for the clustering modeling. As in Section 4.1, the length-weight data is evaluated with the FMSN model for several values m depending on the maximum age by sex. Some authors reported that maximum age in males and females reaches 9 and 11 years, respectively [31] [32] [33] . One of the difficulties that anal-fins readers observed was that they could find multiple annuli and disappearance of the first annulus in older fish, and thus careful interpretation is important [31] . In addition, this species were aged as younger at given body lengths, i.e., it was difficult to find older fish by selectivity [29, 32] . We take into account these facts to discuss the optimal number of clusters for the classification of lengths into age classes.
To reduce the scale of the plots, in Figure 3 , the logarithmic of the average between upper and lower bounds for Shannon and Rényi entropies appears, for m = 1, . . . , 9 in males and m = 1, . . . , 11 in females. It is worth pointing out that the values related to Shannon entropy (panels (a) and (c)) increase when the number of components increases in both sexes. Panels (b) and (d) show that values related to Rényi entropies increase until m = 7 and then decrease. This means that Rényi entropy bounds provide information of the models and help us to determine a criterion to choose a possible number of components on each sex group. There also exist some differences between α values, where the quadratic Rényi entropy (α = 2) provides more information.
The results mentioned before are compared first with AIC and BIC criteria in Table 3 . These criteria increase when the number of components increases, and minimum AIC and BIC values correspond to the simplest model m = 2. Table 3 also shows the misclassification (MC) rates and consistency scores considered in Section 4.1. All these indicators are applied over the assigned observations for each cluster and the observed age, for each FMSN and Finite Mixture of Normal (FMN) model. The values corresponding to m = 7 clusters, marked in gray, provide the best results. The model has a classification rate of 71% and 65% for males and females, respectively; and the highest values of NSS, HSS and HK scores. The best FMN model corresponded to m = 6 and eight for males and females, respectively, where its respective classification rates were 57% and 55%. 
Conclusions
Methodology
In this paper, lower and upper bounds of the Shannon and Rényi entropies for FMSN distributions were derived. Using such a pair of bounds, some kind of confidence interval for the approximate entropy value can be calculated, where the average between these values can be used as an approximation of the entropy. We presented practical (bounds) and theoretical (bounds and asymptotic expression) results for Rényi entropy. In the case of practical results, the first upper bound deals only with the density parameters and the second one with the density and mixing weights parameters. In the case of theoretical results, the bounds and approximations are based on L p space metric and multinomial coefficients.
Inserting the ML estimation (fixed) parameters represents the simplest evaluation of these bounds [22] . However, between the lower and upper Rényi entropy bounds exists a considerable distance. For this reason, further research must consider the exact expression and asymptotic approximation presented in this paper. For these, an algorithm to identify the multinomial coefficients restricted to conditions (15) and (18), respectively, could be developed. In addition, the Bayesian approach allows for a direct estimation of the entropies, depending on the accuracy of prior parameters, where performance can be substantially improved compared to ML or nonparametric estimators [36] .
The results presented are valid for the skew-normal case, taking the shape parameters set η = (0, . . . , 0), for integer values of α [11] . However, numerical algorithms can be applied for real values of α (α > 2), but that requires more challenging computational work. In addition, Proposition 2 and Lemmas 1, 2 and 3 are also valid for other continuous densities where the Rényi entropies of the component exist. We hope the Rényi entropy developments in finite mixtures of densities can stimulate more research in the future, for more flexible densities such as Skew-t distribution [29] .
Application
We applied two-dimensional length-weight data for the determination of swordfish age. We considered a length-weight dataset instead of the usual length (considered by [34] ) to determine the number of clusters, and posteriorly, we compared it with the real observations obtained by the procedure of [32] . The best results were obtained using the Rényi entropy, as an average between upper and lower bounds, over Shannon entropy and information criteria. Additionally, the classification rates and consistency scores of FMSN models showed better results versus the FMN model. Wrongly classified observations arise with older species because they produce higher variability in the length-weight relationship. Moreover, the age determination in these age classes is difficult to obtain for the reasons mentioned in Section 4.2. We encourage anal-fins readers to consider the proposed methodology to compare their results with this statistical methodology, especially for the revision of older species data.
Supplementary Materials: The R codes of the upper and lower bounds of Shannon and Rényi entropies are available by request to the correspondence author. The swordfish data are available by request to the Instituto de Fomento Pesquero (IFOP, Valparaíso, Chile), website: http:\www.ifop.cl.
By choosing p = α related to condition (iii) of Proposition 1 of [24] in Equation (A2), the following equality holds p(y;θ, π) α ≥ f (y; θ m ) α + m−1
The conditions (i), (ii) and (iv) of Proposition 1 of [24] can not be accomplished given the Rényi entropy conditions of Equation (9), and thus the equality in (A3) is not accomplished. Finally, integrating both sides of (A3) the result is obtained.
Proof of Lemma 2.
Stirling's approximation (16) yields
as α → ∞. By replacing Equation (A4) in Equation (14), we obtain
Finally, by replacing Q i (y) = π i f (y; θ i ) in the last expression, the result is obtained.
Proof of Lemma 3.
From Equation (14), we have
(i) For the integral of Equation (A5), we applied the GH inequality [38] for m products to obtain
= exp
with q i = p i k i , p i > 1, k i ∈ A, and ∑ m i=1 (1/p i ) = 1, i = 1, . . . , m. Then, the last term of Equation (A7) can be upper bounded using Chebyshev's inequality for sums (see formula 11.115 of [39] ) as
In Equation (A8), the property R q i [Y; θ i ] ≤ R k i [Y; θ i ], given that q i > k i , i = 1, . . . , m, is used. Finally, the result is straightforward from Equations (A7) and (A8).
(ii) By choosing p i = α/k i , we have that
(k i /α) = 1 and k i < α. This implies that 1 < α/k i = p i . Then, we obtain from the inequality (A6):
where in Equation (A9), the arithmetic-geometric (AG) inequality (see formula 11.116 of [39] ) was applied. Applying Equation (A9) in Equation (A6), the result is obtained.
